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ABSTRACT

Combining non-binary LDPC (Low-Density Parity-Check) codes and high order
constellations, such as Quadrature Amplitude Modulations (QAM), is an effective way to
improve the bandwidth efficiency. Since, the message exchanged in the LDPC decoder
can be measured by the APP (A Priori Probability) or the LLR (Log-Likelihood Ratio),
depending on the decoding algorithm type, the message at the decoder input that computed
by the QAM must be using the same calculation. However, the number of operations
performed by the QAM increases with the constellation order, and the calculation changes
with the channel type. In this paper, we use simplified LLR computations, introduced for
binary codes, to simplify the APP calculation of square-QAM-Gray demapping for APP-
based non-binary LDPC decoders. Under Gaussian channel, the simplified APP calculation
achieves the same performance that obtained with the exact APP computation. The same

simplified APP calculation used for a

Gaussian channel can be applied, with minor
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and it shows a small performance loss with
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INTRODUCTION

Given the increasing number of applications requiring high-speed transmission without
increasing the bandwidth of the transmission channel; this is the reason for the use of
high order constellations. When the constellation order is higher than eight, one uses a
Quadrature Amplitude Modulation (QAM) rather than Phase Shift Keying (PSK). Therefore,
the QAM is highly recommended as a high order constellation. However, communication
systems using QAM require a high signal to noise ratio. To overcome this disadvantage,
it is interesting to combine high error correction codes such as LDPC codes with QAM.

Binary LDPC codes that are linear block codes, can approach the Shannon limit
(Shannon, 1948). They are proposed by Gallager (1962 & 1963) and rediscovered by
Mackay (1999). Unfortunately, binary LDPC code shows performance degradation when
the code size is small or moderate, and higher order modulations are used for transmission.
Non-binary LDPC code, designed in high order Galois Fields GF(Q) where Q is the
cardinality of the Galois field, is investigated by Davey and Mackay (2002) to avoid this
weakness.

The LDPC decoding is done according to the principle of iterative decoding. One class
of algorithms used to decode LDPC codes is the commonly known message propagation
algorithms (Johnson, 2010). Message propagation algorithms are also known as iterative
decoding algorithms. The first practical iterative decoding algorithm is the Sum-Product
algorithm (SPA) (Gallager, 1963), also known as the belief propagation algorithm is an
optimal iterative decoding algorithm but with a high computational complexity. Several
algorithms have been proposed to reduce the complexity of the SPA, each one with a
particular performance-complexity tradeoff.

The messages exchanged in the SPA and its versions can be measured by the APP or
the LLR depending on the decoding algorithm type. Therefore, the input message of the
decoder, performed by the QAM, must be computed with the same calculation that used
in the decoder. However, the number of operations to calculate the LLR or the APP that
introduced to the decoder, increases with the constellation order. Also, the calculation
changes with the considered channel.

Several algorithms have been introduced in order to simplify the exact calculation of
the LLR. The pragmatic algorithm, introduced in Le Goff et al., (1994) & Le Goft, (2000),
attempts to simplify the calculation assuming that the likelihood values are Gaussian
variables. The max-log-MAP (max-log Maximum A Posteriori) algorithm is the most
popular simplifying the exact algorithm (Liu & Kosakowski, 2015). The simplified LLR
calculations are used only for binary decoders based on LLR. This simplifications are
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applied for binary LDPC codes and non-binary LDPC codes (Mostari & Taleb-Ahmed,
2017 & Mostari et al., 2015) respectively. While for decoder-based on APP, we need to
calculate the APP, and this latter is complex. Simplified APP computations are introduced
only in Mostari et al. (2018).

The authors in Mostari et al. (2018) proposed a method for applying the simplifications
of the LLR and adapted them to the binary LDPC decoder based on the APP, and even
to simplify the calculation of the APP. In fact, it is easy to change a decoding algorithm
based on LLR to an algorithm based on APP, while keeping unchanged the simplified
calculation of LLR. The proposed method is programmed to adapt as perfectly as possible
the transmission system to the channel type. Therefore, the proposed method allowing
to simplify the APP calculation leads to simplify the implementation of the transmission
system. In this work, we use this method for non-binary LDPC decoder based on the APP.

In this paper, we restrict our description of combining non-binary LDPC code, decoded
by FFT-SPA (Fast Fourier Transform SPA) that uses APP calculations, with square Gray-
QAM constellations, over Gaussian channel for satellite transmission and Rayleigh
Channel for radio transmission (Barnault & Declercq, 2003; Carrasco & Johnston, 2008).
Note that square QAM constellations and the others QAM constellations have different
simplifications.

The rest of the paper is organized as follows: the exact APP computation, under
Gaussian and Rayleigh channels, for square QAM constellations, the proposed diagram
on the simplified APP calculations, the simplified APP calculation for non-binary LDPC
code is given, the simulation results, discussion and concluding remarks.

EXACT APP CALCULATIONS FOR QAM WITH SQUARE
CONSTELLATIONS OVER GAUSSIAN AND RAYLEIGH CHANNELS
2"-QAM transmit, at each instant n7, m bits {u,,}, i €{1, ..., m} that is represented by
a, + jb,, where a,,and b, € {£1,£3,£5, ... , m = 1}. Binary symbols {u,;} are obtained
by the conversion of non-binary symbols to binary symbols at the output of LDPC encoder.

The simplest diagram of a digital transmission system as part of the association of an
LDPC code and a 2"-QAM, is given in Figure 1.

After passing through the transmission channel, the observation relating to the couple
(ay, by) is represented by a couple (a,, b,). In the case of Rayleigh channel %n and by,
are given by:

ay, = Apdy, + 7,

brlt =daub, +z,

where z,is a Gaussian noise, centered, with variance o?and a,, is a variable characterizes
the attenuation of the transmitted signal. In the case of a Gaussian channel a,= 1.

Pertanika J. Sci. & Technol. 27 (2): 769 - 778 (2019) 771



Latifa Mostari, Abdennacer Bounoua and Abdelmalik Taleb-Ahmed

At the reception, we treat the couples (@, b,,) in order to extract m samples
{um }, i € {1, ...,m}, that are calculated by LLR(u, ;) or APP(u1,,,) .

A.F'F[um-)’ te{l .., m}’ is calculated as follows (Moon, 2005):

prilal bl fu, =0
APP(u,, =0) = ——— T ”J’,’b‘, ) —
s pr{(apby) fug =01+ Br{lanby) fug =1}

APP(u,;=1)=1—APP(u,; = 0)

where F‘T‘{(ﬂm b,) / Uy g W} is the probability that the available couple is (&, b;j;
knowing the binary symbol u, ;is equal to w.

LLR(u, ), i € {1, ..., m}, is calculated as follows (Alam et al., 2009):
LLR(un,i) = log [P"r' andp) fun [—1}}

((anby) /up =0}
This equation is the exact calculation of LLR, it is the optimal calculation that
represents the log-MAP algorithm (Maximum A Posteriori). However, it involves

complicated operations. Several algorithms have been introduced in order to simplify the
exact calculation of the LLR such as: max-log-MAP algorithm and pragmatic algorithm.
In the case of m=2p, 2*7-QAM modulation uses a square constellation (case of 16-
QAM, 64-QAM and 256-QAM). Such modulation has the particularity to be reduced to
two amplitude modulations with 27 states independently acting on two carriers in phase
and quadrature. In our work, we use a square constellation.
According to the above property of a square constellation, p expressions in the phase
of the APP, for a Gaussian channel, are the following:
£ e (- )]

APP(u,, =0)=—— = )
[ " ) E?;,_ sx'pg (r.z,,_ n:,lr.zlJ‘} }+Ew _s:rpg p— [rz:l—ﬁ:nrz;-'j:}n}

,ie{l,...,p}
APP(u,;=1)=1—APP(u,; = 0), iefl,...,p}
Similarly the p relations in the quadrature path of the APP eventually lead to the
following expressions:

APP(u,;=0) = G ‘““b“}}

Efzj ﬂx-pl py (b1 tx.lbLJ} }+E"“F_ ﬂx-pi n.l:r"(b'l tx.lbLJ}}
,ie{ptl,...,2p}

APP[U,M.:1):1—APP(uM=IJ)’ ie{p+l1,..,2p}

In the following section, we show the proposed method, that we have introduced for
binary LDPC codes presented in other paper, to simplify the APP calculation.
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PROPOSED BLOCK DIAGRAM OF THE SIMPLIFIED APP CALCULATIONS

In order to simplify the APP calculation, we apply the simplified LLR computation, for
Gaussian and Rayleigh channels, that used for a decoder based on LLR. The simplified
LLR algorithm got on a Gaussian channel can be reused efficiently on a Rayleigh channel
(Figure 1), this provided to insert an additional block to accommodate, each time n7, the
channel attenuation &, (Le Goff, 1995).

Then, we insert an additional module to make the conversion from the LLR to the
APP, as shown in Figure 2. Indeed, it is easy to change a decoding algorithm based on LLR
to an algorithm based on APP, while keeping unchanged the simplified LLR calculation.
Therefore, the proposed method leads to simplify the system implementation that is well
shown in figure 1.

(an, by) Simplified {un,i} Conversion  |{Bn.i} APP-based
—>®—> LLR : LLR to APP non-binary
‘ : LDPC decoder
1

1/an a?

(i} LLR-based
---------------- | 4 non-binary
LDPC decoder

Figure 2. Principle of simplified APP calculation

Following the Figure 2, the simplification of the APP is obtained after two operations:
the first is the simplification of the LLR calculation, and the second is the derivation of
the APP from the LLR (Lee et al., 2005). Therefore, the derivation of the APP from the
simplified LLR, leads to the simplified equations of the APP:

_ _ 1
APP[H”’E N IZI) N 1+axpi:L-L-R[un_[j} , i €{1,..,2p}
APP(u,;,=1)=1—APP(u,; = 0) , i€{1,..,2p)

where LLR(u,, ;) represents the simplified calculation of the LLR. In our work, we use
max-log-MAP algorithm and pragmatic algorithm :

Max-log-MAP Algorithm

The Max-log-MAP algorithm, introduced in Liu and Kosakowski (2015) shows that the
p relations in the phase and p relations in the quadrature are given respectively by the
following equations:
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z

Z
(;E{fmil --{E e }J _(Je{f’“;ﬂ (an- “l-J-}J ie{l,..,p)

LLR(u,,) = —
42 v 2
( min n{b:'.l—bf.-}J —( min n{b—bi;}J
LLR[H ) N L O - T
Mk 2g® ’L'E{p+1,...,2p}
Pragmatic Algorithm

The pragmatic algorithm introduced in LeGoff et al. (1994) shows that the p relations in the

phase and p relations in the quadrature, are given respectively by the following equations:
LLR(u,,) = aj,

LLR[“:—:,E) = _|LLR[urz,1)| + z*p—l
LLR(uy) = —|LLR(p_1)| + 2271

LLR () = ~ILLR ()] + 2
And
LLR (1) = b

LLR(“MH:) = —|LLR[um+1)| 1 -1
LLR[un:pﬁ) = _|LLR[ump+z'—1)| 4 gpitl

LLR(up,) = —|LLR(up 04 )| + 2

Therefore, it is remarkable that the simplified APP calculation are less number of
operations that the exact APP calculation.

SIMPLIFIED APP CALCULATION FOR NON-BINARY LDPC CODES

For non-binary LDPC decoding algorithms based on APP, defined in a Galois Field
GF(EQ], the exchanged message is the APP calculated on non-binary symbols a,
a € GF(29), APP(a), that is calculated as follows:

APP(a =v) = Pria =v/(a,,b,)}

Where Pria = v/ [:an! n:] 1 represents the probability that the symbol a transmitted
has a value v, v € GF(29), knowing that the available couple at the channel output is
(@ by).

Each non-binary symbola, a € {0, 1, ..., 27 — 1}, corresponds to the binary sequence
{{HHJP Upgs s Uy g 1n GF(2). Therefore the equation (22) becomes:

APP(a =v) =1L, Pr{u,, = w/(a,,b,)}
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where the binary value w is associated to the value v.
Therefore, using Bayes rule, the precedent expression becomes:

APP(a =v) = [1., APP(u,; = w)

SIMULATION RESULTS

In this section, we will show the effect of the simplified calculation of the APP on the
performance of non-binary LDPC codes constructed on GF(4) of rate equals to 1/2 and a
parity check matrix of size 512 x 1024 (4-ary (512, 1024) LDPC Code).

A decoding algorithm using the FFT-SPA where the number of iterations is four. The
transmission chain for which we evaluated the Binary Errors Rate (BER) after the decoding
used a non-binary LDPC code, attached to two square constellations: 16-QAM and 64-
QAM, using Gray mapping, and two transmission channels: Gaussian and Rayleigh.

Results, obtained by computer simulations, are given in terms of Bit Error Rate (BER)
versus E/N,, where E, is the energy per information and V, is the spectral density noise.

Figure 3 shows performance comparisons, on a Gaussian channel, between a non-binary
LDPC code using the exact calculation of the APP, a non-binary LDPC code using the
simplified calculation by applying the pragmatic algorithm and a non-binary LDPC code
using the simplified calculation by applying the max-log-MAP algorithm.

16-QAM with exact APP

---B--" 16-QAM with simplified APP using paragmatic algorithm
—+— 16-QAM with simplified APP using max-log-MAP algorithm
”””” MAQ-64 avec APP exact
—O— 64-QAM with simplified APP using paragmatic algorithm
—#— 64-QAM with simplified APP using max-log-MAP algorithm
Y —e_ L
10 Sy
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\ \;
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10"
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Eb/No (dB)

Figure 3. Performance comparisons, under a Gaussian channel, of 4-ary (512, 1024) LDPC code decoded
by FFT-SPA using exact APP and simplified APP algorithms of 16-QAM and 64-QAM

In order to study the influence of the simplified calculation on the performance of a
non-binary LDPC code on a Rayleigh channel, the same performance comparison of figure
3 are performed on a Rayleigh channel, in Figures 4 and 5.
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10° — 16-QAM with exact APP
—H&— 16-QAM with simplified APP using paragmatic algorithm
”””” 64-QAM with exact APP
! —Gd —O— 64-QAM with simplified APP using paragmatic algorithm
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Figure 4. Performance comparisons, under a Rayleigh channel, of 4-ary (512, 1024) LDPC code decoded

by FFT-SPA using exact APP and simplified APP algorithms, using pragmatic algorithm, of 16-QAM and
64-QAM

— 16-QAM with exact APP
—8&— 16-QAM with simplified APP using max-log-MAP algorithm
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Figure 5. Performance comparisons, under a Rayleigh channel, of 4-ary (512, 1024) LDPC code decoded

by FFT-SPA using exact APP and simplified APP algorithms, using max-log-MAP algorithm, of 16-QAM
and 64-QAM

DISCUSSION

Figure 3 shows that the simplified calculation of the APP, on a Gaussian channel, using a
max-log-MAP algorithm and a pragmatic algorithm, has no effect on the performance of
a non-binary LDPC code.

Under Rayleigh channel, as seen in Figures 4 and 5 respectively, in comparison with
the exact APP computation of 16-QAM and 64-QAM associated with non-binary LDPC
codes, the simplification of the APP computation, with pragmatic algorithm, has a small
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performance loss, and the simplification of the APP computation, with max-log-MAP
algorithm, has a very small performance loss at high £,/N,.

The results of our simulation are generalized with small or high order square-QAM
constellations. As a result, the simplification of the APP calculation can achieve a good
performance with a simple computation. It leads to simplify the system implementation.

CONCLUSION

In this work, we used the simplified LLR calculation, introduced for binary code, to
facilitate the APP calculation for non-binary LDPC codes. The proposed method for making
these simplifications, puts a system combining a non-binary LDPC code and a high order
constellation simple to implement. It is programmed to adapt as perfectly as possible the
system to the type of channel in question and to the type of decoding algorithm. Also, it
ensures an efficient decoding regardless of the channel type. Therefore, since LDPC codes
are selected as candidate for 5th generation wireless communications (5G), it is essential
to develop a new technique allowing the simplification of the transmission system for 5G
and Satellite communication systems.
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